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 a b s t r a c t

With the rapid intelligent transformation of the automotive industry and the surge in production volume, intelli-
gent autonomous robots equipped with integrated perception and planning systems are playing an increasingly 
vital role in vehicle transfer operations. Optimizing dispatch paths of robots is essential for improving over-
all operational efficiency, yet achieving a balance among path length, feasibility, and safety margin remains a 
significant challenge. To address this issue, we propose a geodesic-based path planning method formulated on 
Riemannian manifolds. The approach jointly considers directional motion constraints, steering effort, and ob-
stacle accessibility boundaries to construct a Riemannian metric tensor that encodes local path cost structures. 
This transforms the planning task into a geodesic shortest path problem, which is efficiently solved using the 
Geometric heat flow (GHF) method. The resulting paths naturally comply with kinematic constraints and exhibit 
strong obstacle-avoidance capabilities, significantly enhancing safety and executability. Extensive simulations 
and real-world experiments in high-density port yard environments demonstrate the practicality and robustness 
of the proposed method under complex spatial constraints and obstacle configurations.

1.  Introduction

With the global automotive industry undergoing rapid intelligent 
transformation and capacity expansion, the throughput of commercial 
vehicles at ports has been continuously increasing. The traditional roll-
on/roll-off (Ro-Ro) operation mode can no longer meet the growing de-
mands for high-efficiency logistics, prompting an urgent shift toward 
automation. autonomous robots, which integrate perception, planning, 
and control systems, are emerging as core equipment for port automa-
tion due to their low operational cost and high dispatch efficiency (Xu 
et al., 2025). A typical workflow of transfer robots receiving task in-
structions from a centralized scheduling system, autonomously planning 
a path to the target vehicle, sensing (Kasmaiee et al., 2025b) and avoid-
ing surrounding obstacles (Kasmaiee et al., 2025a), performing auto-
matic docking and lifting, and transporting the vehicle to a designated 
unloading point (Bao et al., 2025). In practice, inter-yard travel time of 
robots accounts for over 50% of the total operation duration, making it a 
major bottleneck in system efficiency. Particularly in high-density envi-
ronments such as commercial vehicle yards–with long-distance layouts 
featuring consecutive intersections and narrow corridors–robots must 
meet stringent motion constraints while ensuring both feasibility and 
safety in path planning (Zhang et al., 2025a).
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Current path planning approaches can be broadly categorized 
into four types: search-based, sampling-based, optimization-based, and 
learning-based algorithms. Search-based methods discretize the state 
space and find paths through search algorithms. Representative algo-
rithms include Dijkstra (Dijkstra, 1959) and A* (Hart et al., 1968), while 
Hybrid A* (Dolgov et al., 2008) introduces motion primitives to enhance 
feasibility. Recent research employs discontinuous motion primitives to 
improve scalability (Hönig et al., 2022). However, these methods strug-
gle to balance safety, feasibility, and efficiency, typically serving as ini-
tial solutions for subsequent optimization.

Sampling-based methods avoid complete space discretization 
through random sampling. Representative approaches include RRT 
(LaValle, 1998), PRM (Kavraki et al., 1996), and RRT-Connect (Kuffner 
& LaValle, 2000). These methods provide only probabilistic complete-
ness without optimality guarantees. RRT* (Karaman & Frazzoli, 2011) 
achieves asymptotic optimality through iteration, while Dynamic RRT* 
(Webb & van den Berg, 2013) incorporates dynamic constraints but with 
low computational efficiency. Recent research focuses on improving it-
erative search efficiency (Jeong et al., 2019; Wang et al., 2023) and op-
timizing sampling strategies (Guo et al., 2025). Overall, sampling-based 
methods can rapidly generate feasible paths but struggle to obtain high-
quality solutions within limited computation time.
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\begin {equation}\begin {cases} \delta _{fl} = -\delta _{rl},\quad \delta _{fr} = -\delta _{rr} \\ v_{fl} = v_{rl},\quad v_{fr} = v_{rr} \\ \cot \delta _{fr} - \cot \delta _{fl} = \frac {2W}{L} \\ v_{fl}\sin \delta _{fl} = v_{fr}\sin \delta _{fr}, \end {cases} \label {akm}\end {equation}


$\{\delta _{fl}, \delta _{fr}, \delta _{rl}, \delta _{rr}\}$


$\{v_{fl}, v_{fr}, v_{rl}, v_{rr}\}$


$L$


$W$


\begin {align}\begin {cases} \dot {x} = v\cos \theta \\ \dot {y} = v\sin \theta \\ \dot {\theta } = \dfrac {2v}{L}\tan \delta , \end {cases} \label {Xeqn2}\end {align}


$(x, y)$


$\theta $


$v$


$\delta $


$\delta $


\begin {equation}\begin {cases} \cot \delta _{fl} = \cot \delta - \frac {W}{L},\quad \cot \delta _{fr} = \cot \delta + \frac {W}{L} \\ v_{fl} = \dfrac {v \tan \delta }{\sin \delta _{fl}},\quad v_{fr} = \dfrac {v \tan \delta }{\sin \delta _{fr}}. \end {cases} \label {Xeqn3}\end {equation}


$X = [x, y, \theta , v]^\top $


$U = [a, \omega ]^\top $


$a$


$\omega $


\begin {equation}X_{min} \leq X \leq X_{max}, \quad U_{min} \leq U \leq U_{max}. \label {Xeqn4}\end {equation}


$W$


$M(x)$


$T(x)$


$\mathcal {V}$


\begin {equation}\mathcal {V}(X) = M(X) W + T(X). \label {Xeqn5}\end {equation}


$\mathcal {O}$


\begin {equation}\mathcal {V}(X) \cap \mathcal {O} = \emptyset . \label {Xeqn6}\end {equation}


$\mathcal {M}$


$p \in \mathcal {M}$


$U \subseteq \mathcal {M}$


$d$


$\mathcal {M}$


$d$


$T_q\mathcal {M}$


$q \in \mathcal {M}$


$G(q)$


$u, v \in T_q\mathcal {M}$


$q$


\begin {equation}\langle u, v \rangle _q = u^\top G(q) v = \sum _{i,j} g_{ij}(q) u^i v^j, \quad \forall u, v \in T_q\mathcal {M}. \label {Xeqn7}\end {equation}


$X'$


$X''$


\begin {equation}\left \{ \begin {aligned} &\dot y = 0 \\ &\dot \theta = \dot x \frac {2tan\delta }{L}.\\ \end {aligned} \right . \label {Xeqn8}\end {equation}


\begin {equation}Q = d\theta - 2\tan \delta dx /L. \label {Xeqn9}\end {equation}


$\{x, y, \theta , \delta \}$


\begin {equation}ds^2 = \sum _{i,j=0}^{n} g_{ij} dx^i dx^j = dx^2 + (1+\lambda _1) dy^2 + \lambda _2 Q^2, \label {Xeqn10}\end {equation}


$g_{ij}$


$dx^i$


$dx^j$


$n$


$\lambda _1$


$\lambda _2$


$g_{ij}$


$G_1'$


\begin {align}G_1' =\
\begin {bmatrix} \frac {L^2+4\lambda _2(tan\delta )^2}{L^2} & 0 & -\frac {4\lambda _2tan\delta }{L} & 0\\ 0 & 1+\lambda _1 & 0 & 0 \\ -\frac {4\lambda _2tan\delta }{L} & 0 & \lambda _2 & 0\\ 0 & 0 & 0 & 0 \end {bmatrix}. \label {Xeqn11}\end {align}


\begin {equation}R = \begin {bmatrix} \cos \theta & \sin \theta & 0 & 0\\ -\sin \theta & \cos \theta & 0 & 0\\ 0 & 0 & 1 & 0\\ 0 & 0 & 0 & 0 \end {bmatrix}. \label {Xeqn12}\end {equation}


\begin {equation}G_1 = R^\top G_1' R. \label {Xeqn13}\end {equation}


\begin {equation}ds^2 = c(\delta ) \cdot d\delta ^2, \label {Xeqn14}\end {equation}


$\lambda _3$


\begin {equation}c(\delta ) = \begin {cases} 1 + \lambda _3 \left ( \frac {\delta - \delta _{\text {sub}}}{\delta - \delta _{\text {max}}} \right )^2, & \delta > \delta _{\text {sub}} \\ 1 + \lambda _3 \left ( \frac {\delta + \delta _{\text {sub}}}{\delta + \delta _{\text {max}}} \right )^2, & \delta < -\delta _{\text {sub}} \\ 1, & |\delta | \le \delta _{\text {sub}}, \end {cases} \label {Xeqn15}\end {equation}


$\delta _{\text {max}}$


$\delta _{\text {sub}}$


$\lambda _3$


$\delta $


$\delta _{\text {max}}$


$c(\delta )$


$\delta $


$\delta $


$[\delta _{\min } + \epsilon , \delta _{\max } - \epsilon ]$


$\epsilon $


$10^{-3}$


$c(\delta )$


\begin {equation}G_2 = \operatorname {diag}(0, 0, 0, c(\delta )). \label {Xeqn16}\end {equation}


\begin {equation}\begin {cases} O_{f}^x = x + \frac {L}{6} \cos \theta , &\quad O_{f}^y = y + \frac {L}{6} \sin \theta \\ O_{m}^x = x, &\quad O_{m}^y = y \\ O_{r}^x = x - \frac {L}{6} \cos \theta , &\quad O_{r}^y = y - \frac {L}{6} \sin \theta , \end {cases} \label {Xeqn17}\end {equation}


$O_f, O_m, O_r$


$(x, y, \theta )$


\begin {equation}r_c = \sqrt { \left ( L/6 \right )^2 + \left ( W/2 \right )^2 }, \label {Xeqn18}\end {equation}


$\mathcal {V}(X)$


\begin {align}\mathcal {V}(X) = \bigcup _{k \in \{f,m,r\}} \mathcal {C}_k, \space \mathcal {C}_k = \left \{ \mathbf {p} \in \mathbb {R}^2 \mid \| \mathbf {p} - \mathbf {p}_k \| \leq r_c \right \}. \label {Xeqn19}\end {align}


$\mathcal {O}$


\begin {align}\mathcal {V}(X) \cap \mathcal {O} = \emptyset \quad \Leftrightarrow \quad \mathcal {C}_k \cap \mathcal {O} = \emptyset ,\ \forall k \in \{f, m, r\}. \label {Xeqn20}\end {align}


$\mathcal {R}i = [x_{\min }^{(i)}, x_{\max }^{(i)}] \times [y_{\min }^{(i)}, y_{\max }^{(i)}]$


$\mathcal {C}_m = { (\mathbf {c}_m, r_m) }$


$\mathbf {p} = (x,y)$


\begin {align}U(\mathbf {p}) = \sum _{i=1}^{N_r} U_i^{\text {rect}}(\mathbf {p}) + \sum _{m=1}^{N_c} U_m^{\text {circle}}(\mathbf {p}), \label {Xeqn21}\end {align}


$N_r$


$N_c$


$\mathbf {p}$


$i$


\begin {align}&d_i = \left [\max (0, x_{\min }^{(i)} - x)^2 + \max (0, x - x_{\max }^{(i)})^2 \right . \nonumber \\ & \qquad + \left .\max (0, y_{\min }^{(i)} - y)^2 + \max (0, y - y_{\max }^{(i)})^2\right ]^{1/2}. \label {Xeqn22}\end {align}


$d_i^{\text {eff}} = d_i - R$


\begin {equation}U_{\mathcal {R}_i}(\mathbf {p}) = \begin {cases} U_{\max }, & d_i^{\text {eff}} < 0 \\ U_{\max } \left ( \dfrac {d_i^{\text {eff}} - R}{R} \right )^2, & 0 \leq d_i^{\text {eff}} < R \\ U_{\min }, & d_i^{\text {eff}} \geq R, \end {cases} \label {Xeqn23}\end {equation}


$U_{\max }$


$U_{\min }$


$\mathbf {c}_j = [x_j, y_j]^\top $


$r_j$


$\mathbf {p}$


\begin {equation}d_j^{\text {eff}} = \|\mathbf {p} - \mathbf {c}_j\| - r_j - R. \label {Xeqn24}\end {equation}


\begin {equation}U_{\mathcal {C}_j}(\mathbf {p}) = \begin {cases} U_{\max }, & d_j^{\text {eff}} < 0 \\ U_{\max } \left ( \dfrac {d_j^{\text {eff}} - R}{R} \right )^2, & 0 \leq d_j^{\text {eff}} < R \\ U_{\min }, & d_j^{\text {eff}} \geq R. \end {cases} \label {Xeqn25}\end {equation}


\begin {equation}U(\mathbf {p}) = \operatorname {clip}\left (\sum _{i} U_{\mathcal {R}_i}(\mathbf {p}) + \sum _{j} U_{\mathcal {C}_j}(\mathbf {p}),\ U_{\min },\ U_{\max }\right ). \label {Xeqn26}\end {equation}


\begin {equation}\hat {U}(X) = \sum _{k \in \{f,m,r\}} U(\mathbf {p}_k). \label {Xeqn27}\end {equation}


$\mathcal {M}$


\begin {equation}g_{ij}(X) = \hat {U}(X) \left ( G_1(X) + G_2(X) \right ). \label {Xeqn28}\end {equation}


$\gamma (s) = \{x^i(s)\}$


$s \in [a, b]$


\begin {equation}\mathcal {L}[\gamma ] = \int _a^b \sqrt {g_{ij}(x(s)) \frac {dx^i}{ds} \frac {dx^j}{ds}} ds \approx \frac {1}{2} \int _a^b g_{ij}(x) \frac {dx^i}{ds} \frac {dx^j}{ds}. \label {Xeqn29}\end {equation}


$\mathcal {L}$


$\mathcal {L}$


$\dot {x}^k = {dx^k}/{ds}$


\begin {equation}\frac {d}{ds} \left ( g_{kj} \frac {dx^j}{ds} \right ) - \frac {1}{2} \partial _k g_{ij} \frac {dx^i}{ds} \frac {dx^j}{ds} = 0. \label {Xeqn30}\end {equation}


$\Gamma ^k_{ij}$


\begin {equation}\Gamma ^k_{ij} = \frac {1}{2} g^{kl} \left ( \partial _i g_{jl} + \partial _j g_{il} - \partial _l g_{ij} \right ), \label {Xeqn31}\end {equation}


$g^{kl}$


$g$


\begin {equation}\frac {d^2 x^k}{ds^2} + \Gamma ^k_{ij} \frac {dx^i}{ds} \frac {dx^j}{ds} = 0. \label {Xeqn32}\end {equation}


$s$


$g_{ij}(X)$


$t$


$s$


$t$


\begin {equation}\frac {\partial \gamma ^k}{\partial t} = \frac {\partial ^2 \gamma ^k}{\partial s^2} + \Gamma ^k_{ij}(\gamma ) \frac {\partial \gamma ^i}{\partial s} \frac {\partial \gamma ^j}{\partial s}, \label {Xeqn33}\end {equation}


$\gamma (s,t): [0,1] \times [0,T] \rightarrow \mathcal {M}$


\begin {equation}\gamma (0,t) = X_{\text {start}}, \quad \gamma (1,t) = X_{\text {goal}}, \quad \forall t \ge 0. \label {Xeqn34}\end {equation}


$X_{\text {start}}$


$X_{\text {goal}}$
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Optimization-based methods formulate path planning as constrained 
optimization problems, solving for high-quality paths in continuous 
space through defined objective functions and constraints. Representa-
tive approaches include CHOMP (Ratliff et al., 2009), TrajOpt (Schul-
man et al., 2014), STOMP (Kalakrishnan et al., 2011), and GuSTO 
(Bonalli et al., 2019), which respectively employ potential field-guided 
gradient descent, convex optimization decomposition, stochastic sam-
pling enhancement, and controlled linearization strategies. Recent re-
search attempts to integrate bionic optimization (Chai et al., 2019; Huo 
et al., 2024) and fuzzy reasoning methods (Chai et al., 2024) while opti-
mizing adaptive expansion capabilities (Li et al., 2024). Although these 
methods excel in trajectory quality and dynamic feasibility, they heavily 
depend on initial solution quality, are prone to local optima, and may 
fail to converge in constraint-dense or long-distance environments.

Learning-based path planning has gained increasing attention in re-
cent years. Reinforcement learning optimizes policies through environ-
ment interaction and trial-and-error learning, exhibiting strong adapt-
ability and robustness. Representative methods include DRL-VO (Xie & 
Dames, 2023) and RMRL (Yang et al., 2023). Although RL demonstrates 
intelligent decision-making abilities, it suffers from high training costs, 
slow convergence, and sensitivity to reward function design, with pol-
icy transfer hindered by the “reality gap”. Supervised learning methods 
learn mappings from perception inputs to path outputs by mimicking 
expert demonstrations, such as NeuPAN (Han et al., 2025) and recur-
rent neural network approach (Chai et al., 2023). However, limitations 
in feature representation and generalization capability still hinder the 
applicability of most learning-based approaches in long-range planning 
tasks.

Despite the diversity of existing approaches, their applicability to 
port scenarios remains limited. Search-based and sampling-based meth-
ods often neglect kinematic constraints or yield suboptimal trajectories, 
which is problematic in long-distance navigation across yards with nar-
row lanes and frequent intersections. Optimization-based approaches 
can generate high-quality paths but incur prohibitive computational 
costs in large-scale, constraint-intensive layouts typical of vehicle yards. 
Learning-based methods demonstrate adaptability in dynamic scenes, 
yet their reliance on extensive training data and difficulty in transfer-
ring policies to real-world port operations hinder practical deployment 
(Kasmaiee et al., 2024). These limitations underscore the need for a 
unified geometric framework that inherently guarantees feasibility and 
safety. Riemannian manifolds provide such a foundation, which natu-
rally motivates their use in our path planning approach for port robots.

Recent studies have demonstrated that Riemannian manifolds, 
through spatiotemporal geometric transformations, can unify diverse 
constraints and objectives by mapping them onto a differential mani-
fold structure, thereby gaining widespread application in various robot 
path planning tasks. For instance, in three-dimensional spatial scenar-
ios, geodesic modeling enables unmanned aerial vehicles to efficiently 
traverse complex airspaces (Huang et al., 2015). Combining Rieman-
nian manifold methods with sampling techniques allows robots to au-
tonomously avoid unstable regions even in scenarios with uneven fields 
in multiple dimensions (Zhang et al., 2025b). In autonomous driving 
scenarios, constructing dynamic manifolds by integrating spatiotempo-
ral vehicle information can generate trajectories that balance trackabil-
ity and collision avoidance (Liu et al., 2022). For high-dimensional sys-
tems, introducing manifold modeling and embedding motion constraints 
effectively facilitates path planning for robotic arms (Laux & Zell, 2021). 
Moreover, this method has been extended to applications under bound-
ary constraints (Laux & Zell, 2023) and prevents joint collisions by in-
corporating obstacle functions into the metric (Klein et al., 2023). Be-
yond single-path planning, Riemannian manifold methods are also suit-
able for more complex problems, such as serving as reference paths for 
multi-robot systems (Kim et al., 2013) or heterogeneous teams compris-
ing robots and humans, to explore unknown or partially known envi-
ronments in search and rescue operations (Govindarajan et al., 2016). 
Additionally, combining neighborhood-augmented graphs with Rieman-

nian manifolds enables the shortest feasible path planning for complex 
tethered robot systems (Sahin & Bhattacharya, 2024).

A review of related research reveals that the core advantage of path 
planning schemes based on Riemannian manifolds lies in their geomet-
ric intuitiveness, which enables unified modeling of multi-source con-
straints and enhances path executability and safety. Therefore, design-
ing appropriate Riemannian metrics according to specific scenarios and 
task objectives, along with efficiently solving geodesics, represents the 
key to applying this method. To achieve robot path planning in port en-
vironments, this paper introduces Riemannian manifolds, synergistically 
considering motion direction constraints, steering costs, and obstacle 
reachability boundaries to construct a unified Riemannian metric, and 
provides specific solution methods along with experimental validation. 
The main contributions of this research include the following aspects:

1) Constructed a Riemannian measure that synergistically considers 
robot motion constraints and control variable costs, integrating con-
straint conditions and costs under different metrics into a unified 
metric representation.

2) Accurately modeling obstacles in port environments through poten-
tial field methods, and incorporating these potential fields as coef-
ficients in the Riemannian metric. This design ensures that obstacle 
avoidance is given intrinsic priority during path planning, while re-
maining compatible with other motion and control objectives.

3) Introduced the Geometric heat flow (GHF) method, efficiently trans-
forming the geodesic solving problem into partial differential equa-
tion solving.

The rest of this article is organized as follows. Section 2 elaborates 
on background knowledge regarding methods and scenarios. Section 3 
provides detailed introduction of the proposed path planning method. 
Section 4 presents extensive experimental results with comparative anal-
ysis against benchmark methods. Finally, Section 5 draws conclusions.

2. Preliminaries

2.1. Working environment and background

Ro-Ro terminals typically consist of several functional zones, includ-
ing loading and unloading areas, storage yards, and multi-level park-
ing structures. The loading and unloading areas are designated for the 
docking and handling of import and export vehicles, while the storage 
yards and parking structures are responsible for the temporary storage 
and classification management of commercial vehicles, as illustrated in 
Fig. 1. At present, vehicle transportation between these zones primarily 
relies on manual driving, which results in high labor costs, low oper-
ational efficiency, and significant carbon emissions. These limitations 
hinder the realization of efficient, green, and automated operations, 
which are essential to the development of intelligent ports.

To enhance port intelligence, the deployment of robots with self-
operating capabilities has emerged as a key direction. Robot systems 
are required to execute transportation tasks for commercial vehicles 

Fig. 1. Illustration of a Ro-Ro Yard operation scene for vehicle storage.
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across multiple regions and target points within a complex port envi-
ronment. The operational workflow involves the cloud-based schedul-
ing system, which assigns tasks according to the port’s production man-
agement system and performs unified scheduling and global path plan-
ning for multiple robots, generating navigation routes that cover the 
entire port area. Subsequently, onboard control systems execute local 
path planning based on the global route and real-time perception data, 
guiding the robots to accurately approach the vehicle pickup location 
and sequentially perform vehicle identification, docking, handling, and 
unloading tasks.

It is worth emphasizing that the port environment exhibits highly 
structured geometric characteristics. The main layout consists of stor-
age blocks and trunk roads, where obstacle regions are predominantly 
axis-aligned rectangular structures. The overall road network can be ab-
stracted as a grid topology formed by intersecting bidirectional traffic 
lanes. Such geometric structuring imposes specific constraints on path 
planning, including frequent right-angle turns and narrow passage nav-
igation, necessitating specialized algorithmic designs to adapt to these 
strongly structured spatial features.

2.2. Robot Kinematic constraint modeling

To ensure the physical feasibility and safety of the generated path, 
it is essential to establish a kinematic model that considers the robot 
structure, control constraints, and spatial occupancy characteristics.

In terms of steering control strategy, we adopt an angular coordina-
tion mechanism based on the Ackermann steering geometry. This prin-
ciple requires that all wheels’ steering extensions converge to a common 
instantaneous center of rotation, thereby reducing tire slip and steering 
load. Fig. 2 shows the kinematic model of the transfer robot. Given that 
the robot is equipped with a four-wheel steering (4WS) system, we in-
troduce additional constraints to ensure steering symmetry and velocity 
coordination:

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝛿𝑓𝑙 = −𝛿𝑟𝑙 , 𝛿𝑓𝑟 = −𝛿𝑟𝑟
𝑣𝑓𝑙 = 𝑣𝑟𝑙 , 𝑣𝑓𝑟 = 𝑣𝑟𝑟
cot 𝛿𝑓𝑟 − cot 𝛿𝑓𝑙 =

2𝑊
𝐿

𝑣𝑓𝑙 sin 𝛿𝑓𝑙 = 𝑣𝑓𝑟 sin 𝛿𝑓𝑟,

(1)

where {𝛿𝑓𝑙 , 𝛿𝑓𝑟, 𝛿𝑟𝑙 , 𝛿𝑟𝑟} denote the steering angles of the front-left, front-
right, rear-left, and rear-right wheels, respectively, and {𝑣𝑓𝑙 , 𝑣𝑓𝑟, 𝑣𝑟𝑙 , 𝑣𝑟𝑟}
represent the translational velocities of the corresponding wheels under 
a no-slip condition. 𝐿 and 𝑊  denote the wheelbase and track width, 
respectively.

Fig. 2. Kinematic model of the 4WS robot.

Although the robot follows a complex 4WS kinematic model, we em-
ploy a simplified two-degree-of-freedom bicycle model for path plan-
ning. Port robots typically operate at moderate speeds on structured, 
high-friction surfaces, where tire slip is negligible, so the bicycle model 
captures the essential dynamics while greatly reducing computational 
complexity. This model can be expressed as: 

⎧

⎪

⎨

⎪

⎩

𝑥̇ = 𝑣 cos 𝜃
𝑦̇ = 𝑣 sin 𝜃

𝜃̇ = 2𝑣
𝐿

tan 𝛿,
(2)

where (𝑥, 𝑦) denotes the position of the geometric center of the robot 
in the global coordinate system, 𝜃 is the heading angle, 𝑣 is the equiva-
lent linear velocity, and 𝛿 is the simplified equivalent front-wheel steer-
ing angle. Trajectories generated with this model can be faithfully exe-
cuted on the full 4WS system, as the equivalent steering angle 𝛿 can be 
uniquely mapped to the actual steering angles and wheel velocities via 
the Ackermann constraints.

Based on the Ackermann geometry, the actual steering angles and 
wheel speeds of the left and right front wheels can be derived as:
⎧

⎪

⎨

⎪

⎩

cot 𝛿𝑓𝑙 = cot 𝛿 − 𝑊
𝐿 , cot 𝛿𝑓𝑟 = cot 𝛿 + 𝑊

𝐿

𝑣𝑓𝑙 =
𝑣 tan 𝛿
sin 𝛿𝑓𝑙

, 𝑣𝑓𝑟 =
𝑣 tan 𝛿
sin 𝛿𝑓𝑟

. (3)

The inputs for the rear wheels can be directly derived from the front-
wheel inputs based on the constraints in Eq. (1) and are therefore omit-
ted here for brevity.

For further path planning modeling, we define the state and control 
variables. The robot state vector is 𝑋 = [𝑥, 𝑦, 𝜃, 𝑣]⊤, and the control input 
vector is 𝑈 = [𝑎, 𝜔]⊤, where 𝑎 represents linear acceleration and 𝜔 the 
steering rate. To comply with physical and actuator limitations, the state 
and control inputs must satisfy the following bounds:

𝑋𝑚𝑖𝑛 ≤ 𝑋 ≤ 𝑋𝑚𝑎𝑥, 𝑈𝑚𝑖𝑛 ≤ 𝑈 ≤ 𝑈𝑚𝑎𝑥. (4)

To account for environmental obstacles, the actual occupied area of 
the robot in the 2D space must also be described. Let 𝑊  denote the 
local shape matrix of the robot, 𝑀(𝑥) the rotation matrix representing 
its orientation, and 𝑇 (𝑥) the translational transformation for its position. 
Then, the occupied region of the robot  is:

(𝑋) = 𝑀(𝑋)𝑊 + 𝑇 (𝑋). (5)

To avoid collisions with the set of static obstacles , the generated 
path must satisfy the non-intersection condition:

(𝑋) ∩  = ∅. (6)

The aforementioned modeling framework reveals three key chal-
lenges that motivate our methodological approach. The highly struc-
tured port environment with axis-aligned obstacles and grid-like topol-
ogy creates natural geometric constraints. Additionally, the steering 
constraints introduce complex interdependencies between position and 
orientation. Furthermore, the concurrent requirements of path smooth-
ness, dynamic feasibility, and collision avoidance necessitate a unified 
framework capable of embedding these heterogeneous objectives into a 
coherent geometric representation.

2.3. Geometric modeling of constrained manifold

In our application scenario, the planning problem would benefit from 
a geometric framework that can: encode complex constraints through 
metric design, generate naturally smooth trajectories, and provide uni-
fied treatment of spatial and kinematic constraints. This motivates our 
adoption of Riemannian manifold-based path planning.

A manifold is a topological space  that is locally Euclidean. That 
is, for any point 𝑝 ∈ , there exists a neighborhood 𝑈 ⊆  that is
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Fig. 3. Overall architecture of the Riemannian manifold-based geodesic path planning framework.

homeomorphic to an open subset of a 𝑑-dimensional Euclidean space. 
In this case,  is referred to as a 𝑑-dimensional manifold. A Rieman-
nian manifold is a specific type of manifold where a Riemannian metric 
endows each tangent space 𝑇𝑞 with an inner product structure. For 
any 𝑞 ∈ , the metric tensor 𝐺(𝑞) in local coordinates is a symmetric 
positive-definite matrix. Specifically, the Riemannian inner product of 
two tangent vectors 𝑢, 𝑣 ∈ 𝑇𝑞 at point 𝑞 is defined as:

⟨𝑢, 𝑣⟩𝑞 = 𝑢⊤𝐺(𝑞)𝑣 =
∑

𝑖,𝑗
𝑔𝑖𝑗 (𝑞)𝑢𝑖𝑣𝑗 , ∀𝑢, 𝑣 ∈ 𝑇𝑞. (7)

The Riemannian metric introduces notions of length and angle on 
the tangent space, enabling measurement of distances and angles on 
the manifold. Analogous to straight lines in Euclidean space, geodesics 
are locally length-minimizing curves on Riemannian manifolds. One 
key property of geodesics is that, under uniform motion on a Rieman-
nian manifold, the acceleration vector has no component tangent to the 
surface–i.e., the velocity vector 𝑋′ is orthogonal to the acceleration vec-
tor 𝑋′′.

By incorporating the Riemannian manifold into the planning prob-
lem, we can design customized metric tensors that elegantly capture 
both the structured characteristics of the port environment and the kine-
matic properties of the robot (Fig. 3).

3. Methodology

Our objective is to leverage the natural smoothness and physical 
plausibility of geodesic motion to ensure trajectory feasibility and track-
ability. In three-dimensional Minkowski spacetime, geodesics reduce to 
uniform straight-line motion, which is inadequate for path planning in 
complex environments. To address this, we propose constructing a novel 
spatiotemporal geometric framework where the local geometry dynami-
cally adapts to the vehicle’s state, unifying kinematic constraints, obsta-
cle avoidance, and path optimality within a single Riemannian frame-
work.

The central component of this framework is a composite metric 
tensor that simultaneously encodes motion feasibility and spatial con-
straints, enabling geodesic paths to naturally satisfy all requirements 
while inherently avoiding obstacles and adhering to kinematic con-
straints. The design of each metric tensor, their combination into a uni-
fied structure, and the use of the GHF for geodesic computation consti-
tute the key innovations of our approach.

3.1. Motion constraint metric design

3.1.1. Nonholonomic constraint metric
As described in Section 2.2, the nonholonomic constraints of the 

robot based on the bicycle model include the no lateral slip condition 
and a kinematic constraint that couples the robot’s heading dynamics 
with its steering geometry (Yusheng et al., 2020). In the robot’s lo-
cal coordinate frame, this constraint system can be formally expressed
as:

⎧

⎪

⎨

⎪

⎩

𝑦̇ = 0

𝜃̇ = 𝑥̇2𝑡𝑎𝑛𝛿
𝐿

.
(8)

To soften these hard constraints, we define an error metric repre-
senting the deviation from ideal kinematics:

𝑄 = 𝑑𝜃 − 2 tan 𝛿𝑑𝑥∕𝐿. (9)

The state space formed by the key variables {𝑥, 𝑦, 𝜃, 𝛿} can be viewed 
as a smooth manifold equipped with a global chart, where each point 
corresponds to a specific robot state. To capture richer trajectory costs 
on this manifold, we augment the traditional path-length-based metric 
with a geometry-aware cost related to the nonholonomic error. Specifi-
cally, we define the following local distance function on the Riemannian 
manifold:

𝑑𝑠2 =
𝑛
∑

𝑖,𝑗=0
𝑔𝑖𝑗𝑑𝑥

𝑖𝑑𝑥𝑗 = 𝑑𝑥2 + (1 + 𝜆1)𝑑𝑦2 + 𝜆2𝑄
2, (10)

where 𝑔𝑖𝑗 denotes the components of the metric tensor, 𝑑𝑥𝑖 and 𝑑𝑥𝑗
are the coordinate differentials, 𝑛 is the dimension of the manifold, and 
𝜆1 and 𝜆2 are penalty coefficients for violating the nonholonomic con-
straints. The tensor components 𝑔𝑖𝑗 in this local coordinate represen-
tation directly constitute the elements of the metric tensor matrix 𝐺′

1
as: 

𝐺′
1 =

⎡

⎢

⎢

⎢

⎢

⎣

𝐿2+4𝜆2(𝑡𝑎𝑛𝛿)2

𝐿2 0 − 4𝜆2𝑡𝑎𝑛𝛿
𝐿 0

0 1 + 𝜆1 0 0
− 4𝜆2𝑡𝑎𝑛𝛿

𝐿 0 𝜆2 0
0 0 0 0

⎤

⎥

⎥

⎥

⎥

⎦

. (11)

To ensure the positive definiteness of the metric, appropriate values 
of the penalty coefficients should be chosen. Next, we transform the Rie-
mannian manifold defined in the local coordinate frame into the global 
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coordinate frame. The transformation matrix between local and global 
frames is:

𝑅 =

⎡

⎢

⎢

⎢

⎢

⎣

cos 𝜃 sin 𝜃 0 0
− sin 𝜃 cos 𝜃 0 0

0 0 1 0
0 0 0 0

⎤

⎥

⎥

⎥

⎥

⎦

. (12)

Accordingly, the metric tensor in the global coordinate frame can be 
obtained by:
𝐺1 = 𝑅⊤𝐺′

1𝑅. (13)

This formulation enables the integration of nonholonomic motion 
constraints into the Riemannian geometry-based trajectory planning 
framework.

3.1.2. Control smoothness metric
To ensure trajectory smoothness, we generally seek to avoid exces-

sively large steering angles during path planning. Therefore, we intro-
duce a steering cost into the local Riemannian distance formulation as 
follows:

𝑑𝑠2 = 𝑐(𝛿) ⋅ 𝑑𝛿2, (14)

where the penalty coefficient 𝜆3 is defined as:

𝑐(𝛿) =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

1 + 𝜆3
(

𝛿−𝛿sub
𝛿−𝛿max

)2
, 𝛿 > 𝛿sub

1 + 𝜆3
(

𝛿+𝛿sub
𝛿+𝛿max

)2
, 𝛿 < −𝛿sub

1, |𝛿| ≤ 𝛿sub,

(15)

where 𝛿max denotes the maximum allowable steering angle, 𝛿sub is the 
threshold at which the penalty is triggered and 𝜆3 is a penalty coeffi-
cient that controls the sensitivity of the cost function to large steering 
angles. As 𝛿 approaches 𝛿max, 𝑐(𝛿) increases nonlinearly toward infinity, 
effectively discouraging the steering angle from exceeding its physical 
limit.

To ensure numerical stability, the initial guess of 𝛿 is constrained 
within a reasonable range to avoid large gradients near extreme values. 
During iteration, 𝛿 is limited to [𝛿min + 𝜖, 𝛿max − 𝜖] with a small margin 𝜖
(e.g., 10−3) to prevent the denominator in 𝑐(𝛿) from approaching zero. 
Values exceeding this range are truncated each step, maintaining stabil-
ity while preserving the penalty’s physical meaning.

Accordingly, the metric tensor component corresponding to control 
smoothness is:
𝐺2 = diag(0, 0, 0, 𝑐(𝛿)). (16)

3.2. Obstacle constraint coefficient design

3.2.1. Three-circle spatial approximation
To simplify geometric modeling and enhance computational effi-

ciency, we adopt a three-circle approximation model to represent the 
robot’s physical footprint. Specifically, three equal-radius disks are 
placed along the longitudinal symmetry axis of the robot, correspond-
ing to the front, middle, and rear structural regions. This configuration 
ensures complete coverage of the robo’s physical occupancy while min-
imizing redundancy. As shown in Fig. 4, the intersections between ad-
jacent circles lie precisely at the lateral edges of the robot, ensuring 
geometric compactness and symmetry.

The global coordinates of the centers of the three circles are defined 
as:

⎧

⎪

⎨

⎪

⎩

𝑂𝑥
𝑓 = 𝑥 + 𝐿

6 cos 𝜃, 𝑂𝑦
𝑓 = 𝑦 + 𝐿

6 sin 𝜃

𝑂𝑥
𝑚 = 𝑥, 𝑂𝑦

𝑚 = 𝑦
𝑂𝑥
𝑟 = 𝑥 − 𝐿

6 cos 𝜃, 𝑂𝑦
𝑟 = 𝑦 − 𝐿

6 sin 𝜃,

(17)

where 𝑂𝑓 , 𝑂𝑚, 𝑂𝑟 represent the centers of the front, middle, and rear 
circles, respectively, and (𝑥, 𝑦, 𝜃) denote the current position and heading 

Fig. 4. The collision model between robot and obstacles.

angle of the robot. The radius of each circle is defined as:

𝑟𝑐 =
√

(𝐿∕6)2 + (𝑊 ∕2)2, (18)

ensuring that the entire robot outline is covered without blind spots.
Based on the three-circle model, the spatial occupancy region of the 

robot, denoted (𝑋), is given by the union of the three circular regions: 
(𝑋) =

⋃

𝑘∈{𝑓,𝑚,𝑟}
𝑘,𝑘 =

{

𝐩 ∈ ℝ2 ∣ ‖𝐩 − 𝐩𝑘‖ ≤ 𝑟𝑐
}

. (19)

Under this formulation, the obstacle avoidance constraint is formal-
ized by requiring that the robot’s occupied region does not intersect with 
the set of obstacles : 
(𝑋) ∩  = ∅ ⇔ 𝑘 ∩  = ∅, ∀𝑘 ∈ {𝑓,𝑚, 𝑟}. (20)

3.2.2. Obstacle avoidance potential field metric
After establishing the motion constraint metrics and control smooth-

ness metrics, we now need to design obstacle constraint coefficients and 
integrate them into a unified metric tensor to achieve collision-free nav-
igation.

In practical trajectory generation tasks, the spatial relationship be-
tween robots and obstacles significantly affects the feasibility and safety 
of paths. To enhance obstacle avoidance robustness and dynamic reach-
ability, it is necessary to introduce geometry-related obstacle avoidance 
potential coefficients into the geodesic energy functional, enabling tra-
jectories to naturally avoid obstacles.

We employ a composite potential field model to achieve this objec-
tive, which integrates the boundary diffusion mechanism of rectangu-
lar obstacles with the radial decay characteristics of circular obstacles, 
adapting to complex structured environments. Specifically, given a set 
of rectangular obstacles 𝑖 = [𝑥(𝑖)min, 𝑥

(𝑖)
max] × [𝑦(𝑖)min, 𝑦

(𝑖)
max] and a set of circu-

lar obstacles 𝑚 = (𝐜𝑚, 𝑟𝑚) in two-dimensional space, the total potential 
field at any spatial point 𝐩 = (𝑥, 𝑦) is defined as: 

𝑈 (𝐩) =
𝑁𝑟
∑

𝑖=1
𝑈 rect
𝑖 (𝐩) +

𝑁𝑐
∑

𝑚=1
𝑈 circle
𝑚 (𝐩), (21)

where 𝑁𝑟 denotes the number of rectangular obstacles and 𝑁𝑐 denotes 
the number of circular obstacles.

The nearest distance from point 𝐩 to the 𝑖-th rectangular obstacle is 
calculated as follows:
𝑑𝑖 =

[

max(0, 𝑥(𝑖)min − 𝑥)2 + max(0, 𝑥 − 𝑥(𝑖)max)
2

+ max(0, 𝑦(𝑖)min − 𝑦)2 + max(0, 𝑦 − 𝑦(𝑖)max)
2
]1∕2

. (22)
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Defining the effective distance as 𝑑eff𝑖 = 𝑑𝑖 − 𝑅, the potential energy 
function contributed by this obstacle is:

𝑈𝑖
(𝐩) =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝑈max, 𝑑eff𝑖 < 0

𝑈max

(

𝑑eff𝑖 − 𝑅
𝑅

)2

, 0 ≤ 𝑑eff𝑖 < 𝑅

𝑈min, 𝑑eff𝑖 ≥ 𝑅,

(23)

where 𝑈max represents the maximum penalty for penetrating obstacles, 
and 𝑈min represents the minimum coefficient in obstacle-free regions.

Similarly, for each circular obstacle with center 𝐜𝑗 = [𝑥𝑗 , 𝑦𝑗 ]⊤ and 
radius 𝑟𝑗 , the effective distance to point 𝐩 is:
𝑑eff𝑗 = ‖𝐩 − 𝐜𝑗‖ − 𝑟𝑗 − 𝑅. (24)

The corresponding potential energy function is:

𝑈𝑗 (𝐩) =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝑈max, 𝑑eff𝑗 < 0

𝑈max

(

𝑑eff𝑗 − 𝑅

𝑅

)2

, 0 ≤ 𝑑eff𝑗 < 𝑅

𝑈min, 𝑑eff𝑗 ≥ 𝑅.

(25)

The overall obstacle potential field is defined as the superposition 
of potential energies contributed by all obstacles. To avoid numerical 
instability and ensure computational efficiency, we apply clipping to 
the potential values to prevent numerical overflow in extreme cases:

𝑈 (𝐩) = clip

(

∑

𝑖
𝑈𝑖

(𝐩) +
∑

𝑗
𝑈𝑗 (𝐩), 𝑈min, 𝑈max

)

. (26)

This potential function is continuously differentiable and forms 
gradient-ascending repulsive barriers near obstacle boundaries, facili-
tating obstacle avoidance behavior during path planning.

Based on the three-circle approximate model described in A, the 
overall obstacle avoidance potential energy of the robot is mapped to 
the superposition of the potential fields of each disk:
𝑈̂ (𝑋) =

∑

𝑘∈{𝑓,𝑚,𝑟}
𝑈 (𝐩𝑘). (27)

With both motion and obstacle constraints formulated as metric com-
ponents, we can now construct geodesic paths through a unified geo-
metric framework, allowing path optimization while respecting all con-
straints.

3.3. Geodesic generation and solution

3.3.1. Energy functional and standard formulation of geodesic equations
As introduced in Section Section 2.3, geodesics characterize locally 

shortest paths on smooth Riemannian manifolds . Based on the afore-
mentioned construction, we define the total Riemannian metric as:
𝑔𝑖𝑗 (𝑋) = 𝑈̂ (𝑋)

(

𝐺1(𝑋) + 𝐺2(𝑋)
)

. (28)

This design ensures collision avoidance as the top priority by using 
the obstacle potential as a scalar modulation of the Riemannian met-
ric. In dense obstacle regions, obstacle potential dominates by relaxing 
kinematic constraints, while in free space, kinematic and control costs 
take precedence. Compared with directly embedding the potential into 
the metric, the global scaling design offers better numerical stability and 
computational efficiency.

Consider a parameterized curve 𝛾(𝑠) = {𝑥𝑖(𝑠)} connecting two points 
on the manifold. Its path length functional over the interval 𝑠 ∈ [𝑎, 𝑏]
can be simplified as:

[𝛾] = ∫

𝑏

𝑎

√

𝑔𝑖𝑗 (𝑥(𝑠))
𝑑𝑥𝑖
𝑑𝑠

𝑑𝑥𝑗
𝑑𝑠

𝑑𝑠 ≈ 1
2 ∫

𝑏

𝑎
𝑔𝑖𝑗 (𝑥)

𝑑𝑥𝑖

𝑑𝑠
𝑑𝑥𝑗

𝑑𝑠
. (29)

The functional  represents a manifold energy functional that quan-
tifies the geometric cost associated with a curve embedded in the curved 
space. This formulation extends the classical notion of arc length from 

Euclidean geometry to general Riemannian manifolds, where the local 
geometry determines the relative cost of different path directions.

By applying the Euler-Lagrange equation to the energy functional , 
and letting 𝑥̇𝑘 = 𝑑𝑥𝑘∕𝑑𝑠, we obtain:
𝑑
𝑑𝑠

(

𝑔𝑘𝑗
𝑑𝑥𝑗

𝑑𝑠

)

− 1
2
𝜕𝑘𝑔𝑖𝑗

𝑑𝑥𝑖

𝑑𝑠
𝑑𝑥𝑗

𝑑𝑠
= 0. (30)

Utilizing the symmetry of the metric tensor, we introduce the 
Christoffel symbols Γ𝑘𝑖𝑗 , defined as:

Γ𝑘𝑖𝑗 =
1
2
𝑔𝑘𝑙

(

𝜕𝑖𝑔𝑗𝑙 + 𝜕𝑗𝑔𝑖𝑙 − 𝜕𝑙𝑔𝑖𝑗
)

, (31)

where 𝑔𝑘𝑙 denotes the inverse of the metric tensor 𝑔. The Christoffel 
symbols encode the intrinsic curvature information of the manifold and 
serve as correction terms for covariant differentiation in curved spaces. 
They characterize how the coordinate basis vectors change from point to 
point, effectively capturing the non-Euclidean nature of the underlying 
geometry.

Substituting into the equation yields the standard form of the 
geodesic equation:
𝑑2𝑥𝑘

𝑑𝑠2
+ Γ𝑘𝑖𝑗

𝑑𝑥𝑖

𝑑𝑠
𝑑𝑥𝑗

𝑑𝑠
= 0. (32)

This equation system represents a set of second-order ordinary dif-
ferential equations that describe the behavior of a curve following a 
geodesic path under the affine parameter 𝑠.

3.3.2. Numerical solution implementation
To efficiently compute geodesic paths under the constructed Rieman-

nian metric tensor 𝑔𝑖𝑗 (𝑋), we adopt a numerical method based on Geo-
metric Heat Flow (GHF) (Colding et al., 2015). It is worth noting that 
while GHF itself is a well-established method, its application to geodesic 
computation represents a novel idea. The key idea is to interpret path 
optimization as a heat diffusion process on the manifold, where an ini-
tial curve is gradually smoothed toward the geodesic.

This method introduces a pseudo-time variable 𝑡, which does not 
represent physical time but instead acts as an artificial evolution index 
that gradually smooths the curve toward a geodesic. In contrast, 𝑠 is the 
normalized arc-length parameter along the curve, serving as the spatial 
index of points on the evolving path. By introducing 𝑡, the rigid bound-
ary value problem is transformed into a parabolic partial differential 
equation. The core formulation is:
𝜕𝛾𝑘

𝜕𝑡
=

𝜕2𝛾𝑘

𝜕𝑠2
+ Γ𝑘𝑖𝑗 (𝛾)

𝜕𝛾 𝑖

𝜕𝑠
𝜕𝛾𝑗

𝜕𝑠
, (33)

where 𝛾(𝑠, 𝑡) ∶ [0, 1] × [0, 𝑇 ] →  denotes the evolving path. The bound-
ary conditions are imposed in Dirichlet form, where the start and goal 
states are enforced as fixed constraints throughout the evolution:
𝛾(0, 𝑡) = 𝑋start, 𝛾(1, 𝑡) = 𝑋goal, ∀𝑡 ≥ 0. (34)

where 𝑋start and 𝑋goal represent the initial and target configurations 
in the robot’s configuration space, respectively. This ensures that the 
path optimization strictly adheres to the task requirements at both ends. 
When the time derivative vanishes, the equation naturally degenerates 
into the standard geodesic equation, and the steady-state solution cor-
responds to the desired geodesic. Fig. 5 illustrates the path evolution 
process under the Geometric Heat Flow.

Compared with traditional Runge-Kutta methods, the geometric heat 
flow approach eliminates the need for accurately guessing the initial ve-
locity direction. This significantly improves robustness to initial condi-
tions. Furthermore, the diffusion nature of the parabolic PDE effectively 
suppresses numerical error accumulation and mitigates divergence in 
high-curvature regions. The monotonic energy decay property of geo-
metric heat flow ensures theoretical convergence during evolution.

In the specific solution process, we employ the A* algorithm to gen-
erate an initial path, followed by resampling techniques to precisely 
align it with the GHF discretization grid. The robot’s heading angles are 
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Fig. 5. Path evolution process under geometric heat flow.

computed from directional changes between adjacent waypoints, while 
the corresponding wheel steering angles are derived through inverse 
kinematic relationships. Although this initial path may not fully satisfy 
strict kinematic constraints, it provides a reasonable initial configura-
tion for the GHF iterative optimization process, significantly enhancing 
the solver’s convergence efficiency and computational performance.

4. Experiments

To verify the feasibility and effectiveness of the proposed path plan-
ning method, we conducted multi-scenario tests in a simulation envi-
ronment and verified the effect in actual scenarios.

4.1. Experimental preparation

To evaluate the performance of the proposed path planning method, 
simulation studies were performed on a workstation equipped with an 
Intel i7-13700H CPU and an RTX 4060 GPU. The robot parameters, sum-
marized in Table 1, were based on real robot specifications to ensure 
practical relevance. Key algorithm configurations are listed in Table 2. 
The numerical solution of the GHF equations is carried out using FiPy 
(Guyer et al., 2009), which supports explicit construction of transient, 
diffusion, and nonlinear source terms via a finite volume framework.

To benchmark performance, three representative baseline 
algorithms–A*, RRT*, and Hybrid A*–were implemented under 
the same simulation conditions. These comparisons highlight the 
advantages of the proposed method in terms of path smoothness, 
obstacle avoidance, and compliance with kinematic constraints. For 
real-world validation, the proposed planner was deployed on transfer 
robots operating in a port yard. The experimental results confirm the 
feasibility and practical applicability of the generated paths.

In terms of performance evaluation, we establish a comprehensive 
indicator system encompassing five key metrics for port robot path plan-
ning. Path length directly reflects transportation efficiency and energy 
consumption; maximum and average curvature quantify the geometric 

Table 1 
Transfer robot geometry parameters.
 Parameters  Description  Value
𝑊 , mm  Vehicle width  3000
𝐿, mm  Vehicle length  6000
𝑑, mm  Wheelbase  2570
𝑏, mm  Track width  5438
𝜂max, rad  Max heading angle 𝜋∕4
𝑟𝑐 , m  Min turning radius  1.802

Table 2 
Key parameters for path planning method.
 Parameters  Description  Values
𝜆1  Constraint penalty coefficients  30
𝜆2  Constraint penalty coefficients  30
𝜆3  Steering penalty coefficients  10
𝑈max  Max Potential field value  100
𝑈min  Min Potential field value  1

smoothness of paths; control cost is obtained by calculating the cumula-
tive change in heading angle after uniform resampling, where larger val-
ues indicate more severe steering changes and higher control difficulty; 
minimum and average obstacle distances assess safety margins from lo-
cal and global perspectives; feasibility evaluates practical achievability 
by calculating the proportion of path points where curvature exceeds 
kinematic constraint thresholds.

This multi-dimensional evaluation framework comprehensively 
characterizes algorithm performance from the dimensions of efficiency, 
safety, executability, and practicality, fully covering the core perfor-
mance requirements of port robot path planning. Compared to tradi-
tional single-indicator evaluation methods, it provides a more objective 
and comprehensive assessment of algorithm applicability and effective-
ness in actual port environments.

4.2. Simulation experiments

To comprehensively evaluate the performance of the proposed al-
gorithm under different environmental conditions, simulation experi-
ments were conducted in two representative scenarios: spacious and 
narrow environments. These scenarios evaluate the algorithm’s adapt-
ability under varying environmental complexity. For each scenario, 10 
independent experiments were performed to examine the consistency 
and robustness of the algorithm.

4.2.1. Spacious scene experiments
As illustrated in Fig. 6, the simulation tests encompass three typi-

cal port operation scenarios: continuous alternating turns (Scenario 1), 
continuous unidirectional turns (Scenario 2), and compound turns (Sce-
nario 3). Table 3 summarizes the key performance indicators, with best 
results in bold and second-best underlined. Subsequent performance ta-
bles follow the same annotation convention.

Simulation results indicate that the proposed algorithm delivers su-
perior overall performance. While both A* and RRT* theoretically yield 
shortest paths, A* tends to produce longer paths in practice due to cu-
mulative errors caused by the limited resolution of grid-based maps. In 
addition, its inherent search mechanism leads to higher path curvature. 
RRT* outperforms A* in most metrics, particularly in smoothness and 
feasibility, yet both algorithms generate partially unexecutable paths. 
Hybrid A* integrates vehicle kinematic constraints, producing smoother 
and more executable paths, with a maximum curvature over 40% lower 
than that of A* and RRT*. However, its heuristic often induces unnec-
essary initial displacements toward the goal, bringing paths closer to 
obstacles and triggering reverse maneuvers in turning segments, which 
significantly increases path length.

By contrast, the proposed geodesic-based method achieves an effec-
tive trade-off between path length and smoothness. Although slightly 
longer than A* and RRT* in distance, it attains smoothness and feasibil-
ity comparable to Hybrid A* and markedly surpasses A* and RRT*. More 
critically, it provides enhanced obstacle avoidance, with a significantly 
greater minimum obstacle distance, indicating superior safety margins 
and robustness in open environments.

4.2.2. Narrow scene experiments
To comprehensively evaluate the adaptability of the proposed path 

planning algorithm in complex environments, we constructed repre-
sentative test scenarios featuring restricted navigable space. Scenario 
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Fig. 6. Navigation scenarios in spacious environments. (a) Consecutive alternating turns: left-right-left turning sequences. (b) Consecutive unidirectional turns: 
same-direction turning sequences. (c) Compound turns: mixed turning patterns.

Table 3 
Comparison of path planning methods in spacious scenarios.
 Scenarios  Methods  Path Length  Max curv.  Mean curv.  Control Cost  Mean Obs. Dist.  Min Obs. Dist.  Feasibility

Scenario 1
 A* 32.859  1.2466  0.2316  7.2655  2.6256  1.7930  78%
 RRT*  31.573  0.9003 0.0811  2.4070  2.7681  1.8070  90%
 Hybrid A*  42.922  0.2689  0.0663  4.1617  3.4487  1.9576  100%
 Ours  34.686 0.3650  0.0844 2.9827 3.2993  2.3635  100%

Scenario 2
 A* 49.025  0.9016  0.1968  9.3951  2.3376  1.7930  91%
 RRT*  47.251  0.9772 0.0765  3.4457 3.2594 1.8022  96%
 Hybrid A*  58.615  0.3701  0.0646  5.4918  2.7825  1.7176  100%
 Ours  52.039 0.3855  0.0957 5.2902  3.2709  2.3572  100%

Scenario 3
 A* 80.842  0.5902  0.1292  10.5443  2.2682  1.6128  96%
 RRT*  79.769  1.0269 0.0891  7.0165  2.4648  1.8224  97%
 Hybrid A*  87.059 0.3701  0.0928  9.1693 2.9235 1.9367  100%
 Ours  85.405  0.3448  0.0938 8.3172  3.2709  2.6754  100%

Fig. 7. Navigation scenarios in narrow environments. (a) Forward navigation: passing narrow corridors and executing turning maneuvers. (b) Reverse parking: 
passing narrow corridors and performing backward U-turns. (c) Constrained navigation: narrower corridors combined with additional obstacles.

1 simulates a robot proceeding forward after traversing a constricted 
path, Scenario 2 involves the robot reversing into a target location after 
passing through a constricted path, and Scenario 3 further reduces the 
width of the narrow corridor based on Scenario 2 while introducing ad-
ditional obstacles, as illustrated in Fig. 7. Key performance metrics of all 
compared planning algorithms under these scenarios are summarized in
Table 4.

Simulation results reveal fundamental limitations of A* and RRT* 
algorithms. Both algorithms fail to account for robot orientation con-
straints: they generate identical paths for Scenarios 1 and 2, which is 
clearly unreasonable since forward and reverse maneuvers should re-
quire different optimal strategies. More critically, the generated paths 
exhibit unacceptable kinematic violations, including physically impos-
sible operations such as lateral movements and significant terminal ori-
entation errors. Since the paths are inherently unexecutable, discussing 
their control costs is meaningless. Therefore, relevant data for these 
methods are omitted from the table in certain scenarios.

In Scenario 1, Hybrid A* produces a clearly unnecessary detour, 
while in Scenario 2, it generates a long reverse segment that contra-

dicts typical operational logic and compromises execution efficiency. It 
is important to note that this limitation stems not from the design of 
the heuristic function, but from the inherent structural property of Hy-
brid A*, whose heuristic cannot precisely capture the actual motion cost 
of the vehicle, thus failing to guarantee global optimality. In addition, 
due to the discreteness of the control of hybrid A*, it requires multiple 
parameter adjustments to successfully plan the results in extremely nar-
row environments such as scenario 3, which affects the practicality of 
the algorithm.

In contrast, the proposed geodesic-based path planning method 
achieves a favorable balance among path length, smoothness, and fea-
sibility. The method’s priority-based design emphasizes obstacle avoid-
ance over strict kinematic compliance, reflecting a sound engineering 
approach where safety takes precedence. In extremely narrow scenar-
ios, the algorithm may generate a few points with marginally higher 
curvature to maintain adequate safety clearances. This intelligent prior-
itization ensures collision avoidance is never compromised, while minor 
kinematic violations can be easily addressed through post-processing 
techniques. This demonstrates that even in constrained environments, 
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Table 4 
Comparison of path planning methods in narrow scenarios.

 Scenarios  Methods  Path Length  Max curv.  Mean curv.  Control Cost  Mean Obs. Dist.  Min Obs. Dist.  Feasibility

Scenario 1
 A* 25.301  1.1906  0.1113  ——— 2.4468  1.7928  89%
 RRT*  25.180  1.3028  0.0601  ———  2.3458  1.8240  93%
 Hybrid A*  39.052  0.2689  0.1070 1.3943  2.2773 1.8742  100%
 Ours  29.290 0.3763 0.0787  1.1484  2.6027  2.2104  100%

Scenario 2
 A* 25.301  1.1906  0.1113  ———  2.5083  1.7928  88%
 RRT*  25.180  1.3028  0.0601  ———  2.3451  1.8240  93%
 Hybrid A*  31.631  0.3734  0.1031 1.2334 2.6062 1.9334  100%
 Ours  30.306 0.3830 0.0777  1.0473  2.6217  2.3478  100%

Scenario 3
 A*  31.211  1.5088  0.1625  3.8785  1.9779  1.7915  85%
 RRT* 31.322  1.3164 0.0923 2.7847 2.0928 1.8188  90%
 Hybrid A*  42.522  0.3701  0.1107  3.6371  2.0158  1.6645  100%
 Ours  32.861 0.3930  0.0825  2.3762  2.1112  1.9533 99%

Table 5 
Planning time comparison of different methods (mean&std).
 Scenarios  A*  RRT*  Hybrid A*  Ours
 Spcious 1  0.675± 0.010  2.940 ± 0.744 1.317 ± 0.031  2.527 ± 0.023
 Spcious 2  0.764± 0.048  5.400 ± 0.810 3.354 ± 0.037  3.483 ± 0.065
 Spcious 3  0.978± 0.008  7.003 ± 0.355  4.254 ± 0.076 3.863 ± 0.042
 Narrow 1  0.180± 0.010 2.090 ± 0.554  2.154 ± 0.016  2.915 ± 0.035
 Narrow 2  0.147± 0.005 1.957 ± 0.325  2.288 ± 0.019  2.916 ± 0.038
 Narrow 3  0.163± 0.007  3.544 ± 0.853 3.301 ± 0.022  3.729 ± 0.124

our method can guide robots to reach targets efficiently, safely, and re-
liably.

4.2.3. Real-time analysis
To evaluate the computational efficiency of the proposed path plan-

ning method, we conducted a statistical analysis of the planning time 
for different algorithms across scenarios (three scenarios in each of the 
two environments described above). Table 5 presents the real-time per-
formance of each algorithm, including the mean computation time and 
standard deviation over 10 independent runs for each scenario. It should 
be noted that RRT* is an anytime algorithm without a predefined termi-
nation condition, potentially leading to unbounded computation time. 
To ensure fair comparison, we implemented an early stopping criterion 
for RRT* when no path length improvement was achieved over 1000 
consecutive iterations, providing a reasonable basis for computational 
time evaluation.

The computational efficiency analysis reveals distinct performance 
characteristics of different algorithms across various environmental sce-
narios. A* consistently maintains the lowest computation time due to 
its deterministic graph search characteristics and absence of kinematic 
constraints. However, it provides solutions with poor feasibility and 
smoothness, making them unsuitable for practical robotic systems. RRT* 
demonstrates the highest computational cost with significant variance 
across scenarios, aligning with its sampling-based stochastic nature and 
maintaining uncertainty even under defined termination criteria. Hy-
brid A* shows moderate planning time, reflecting the additional com-
putational overhead required for kinematic feasibility. Our proposed 
method achieves a balance between computational efficiency and so-
lution quality. Compared to Hybrid A*, our method demonstrates supe-
rior efficiency in complex scenarios, while compared to RRT*, it exhibits 
better temporal stability and predictability. Notably, in narrow scenar-
ios, although RRT* shows shorter computation time, it generates paths 
with low feasibility, highlighting our method’s advantages in ensuring 
solution quality.

Different algorithms exhibit distinct characteristics regarding com-
putation time factors. A* computation time correlates almost solely with 
path length, while RRT* and Hybrid A* depend on both scenario com-
plexity and path length. In contrast, our algorithm’s computation time 

Fig. 8. Illustration of ablation experiment results for different model variants.

Table 6 
Ablation study performance for model variants.
 Methods  Length  Max curv.  Control Cost  Min Obs. Dist.  Feasibility
 w/o Obst  12.689  ———  ———  ———  ———
 w/o Kin  88.441  0.4346  9.4294  2.6879  98%
 w/o Ctrl  85.431 0.3701 9.1825  2.7014  100%
 Full 85.405  0.3448  8.3172 2.6754  100%

relates primarily to scenario complexity, particularly narrow passages, 
with minimal impact from path length in open areas. This characteris-
tic provides good scalability for large-scale environments. Furthermore, 
using superior initial solutions instead of A*-generated initial guesses 
could further improve solving speed, offering greater optimization po-
tential for real-time applications.

4.2.4. Ablation experiments
To further evaluate the contribution of each module to the overall 

performance, we conducted an ablation study in the same environment 
as Scenario 3 from the spacious scene simulation experiments. Four vari-
ants were considered: the complete model (Full), removal of the obsta-
cle potential field coefficient (w/o Obst), removal of the kinematic con-
straint metric (w/o Kin), and removal of the control cost metric (w/o 
Ctrl). The experiments were performed and several key performance 
metrics were recorded, with the outcomes illustrated in Fig. 8 and the 
corresponding quantitative results summarized in Table 6. Notably, to 
ensure the positive definiteness of the metric tensor in the ablation set-
tings, the removed sub-matrix was replaced with an identity matrix, 
while in the case of removing obstacle coefficients, the corresponding 
scaling factor was fixed to one.

The results of the ablation study clearly reveal the distinct contri-
butions of each module to the overall performance. When the obstacle 
potential field coefficient is removed, the robot tends to ignore obsta-
cles and directly approaches the goal, making indicators meaningless 
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in this setting. By contrast, the introduction of the obstacle module en-
sures consistent obstacle avoidance across all other variants, allowing 
safe operation. When the kinematic constraint is removed, the robot 
can still avoid obstacles and reach the target, but the resulting trajec-
tories exhibit larger curvature and even occasional infeasible states, re-
sembling A*-like behavior, which highlights the importance of this term 
in constraining path feasibility. In the absence of the control cost, the 
robot is still able to reach the goal safely and feasibly, yet the trajectory 
shows increased curvature and higher control effort, indicating that this 
module plays a role in suppressing unnecessary steering and improving 
smoothness. By integrating all components, the full model achieves a 
well-balanced performance, combining obstacle avoidance, feasibility, 
and trajectory smoothness, thereby demonstrating the complementary 
nature and necessity of each module.

4.3. Application deployment

To evaluate the real-world performance of the proposed algorithm, 
we deployed the system in a representative vehicle yard at Yantai Port 
and conducted on-site experiments. The feasibility of the generated 
paths was verified through path planning and tracking tests. Fig. 9 illus-
trates the operational environment and the monitoring system interface.

4.3.1. Experiment platform
The algorithm was deployed on a four-wheel independent steering 

and driving robot platform. The onboard control unit is equipped with 
an Intel Core i7-9700H CPU and a GeForce GTX 2060 GPU, running 
Ubuntu and ROS for efficient task execution.

As shown in Fig. 10, the robot is equipped with a range of onboard 
sensors including LiDAR, radar, and CCD cameras. High-precision global 
positioning is achieved through a real-time kinematic positioning mod-
ule, ensuring both localization and planning accuracy.

Fig. 9. Yard operation at Yantai port. (a) Physical experiment environment. (b) 
Remote monitoring interface for path visualization and robot status.

Fig. 10. Transfer robot hardware configuration and specifications.

Fig. 11. Real-world experiments in robot operation scenarios. (a) Vehicle 
pickup scenario: transfer robot moving from charging station to storage yard 
to retrieve commercial vehicles. (b) Vehicle drop-off scenario: transfer robot 
delivering commercial vehicles from storage yard to truck interaction area.

Table 7 
Comparison of planning methods in real-world scenarios.
 Scenarios  Methods  Length  Max curv. Control 

Cost
Min Obs. 
Dist.

 Feasibility

Vehicle Pickup
 A* 153.63  0.5808 10.818 1.8185  97%
 RRT*  150.12  0.3926 7.4745 1.8375  98%
 Hybrid A*  179.16 0.3701 8.6380 2.5600  100%
 Ours  157.19  0.2839 4.9410 3.5085  100%

Vehicle Drop-off
 A* 103.41  0.7447 7.8657 1.7133  95%
 RRT*  101.84  0.6704 6.8460 1.8236  97%
 Hybrid A*  111.91 0.3161 6.7822 2.5224  100%
 Ours  106.60  0.2848 3.3258 3.8372  100%

4.3.2. Field planning evaluation
In the actual operation scenario of the Yantai Port vehicle yard, the 

algorithm was validated for two typical tasks: vehicle pickup and drop-
off. As shown in Fig. 11, the spatial correspondence between the planned 
paths and the real-world environment is clearly demonstrated. The robot 
first arrives at the outer roadway of the yard and enters the operation 
area by performing in-place rotation enabled by its 4WS system. After 
completing the pickup task, it exits the yard, performs a second rota-
tional maneuver, and proceeds to the interaction zone to complete the 
vehicle drop-off.

During practical deployment, we observed that paths generated by 
A* and RRT* often suffer from poor executability, while Hybrid A* tends 
to produce redundant trajectories. The key performance metrics of each 
path planning algorithm in this scenario are summarized in Table 7. 
Overall, the proposed method consistently demonstrates superior per-
formance in terms of executability and safety margin, effectively meet-
ing the demands of real-world operations.
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4.3.3. Tracking validation
To further validate the executability of the generated paths, a pure 

pursuit control algorithm was employed to guide the robot in perform-
ing path tracking tasks. The look-ahead distance was dynamically ad-
justed within a range of 1m to 2.5m based on the local path curvature, 
and the reference speed was set to 4m/s.

Fig. 12 presents the actual tracking performance in both vehicle 
pickup and drop-off scenarios. Quantitative evaluation of key tracking 
metrics shows that the maximum lateral deviation was 0.0752m in the 
pickup phase and 0.0809m in the drop-off phase, while the average de-
viation for both paths remained consistently at 0.01m. These tracking 
results indicate that the paths generated by the proposed algorithm ex-
hibit stable curvature at control points and smooth control inputs, ef-
fectively meeting the high-precision operational requirements of robots 
in port environments.

Through real-world deployment and field testing, we validates the 
engineering practicality of the proposed method. By generating paths 
with enhanced safety margins and smoother curvature profiles, the ap-
proach effectively improves the reliability of autonomous execution for 
robots operating in complex yard environments, directly addressing crit-
ical operational challenges faced by existing automated vehicle systems 
in port facilities.

Unlike conventional methods that often produce theoretically opti-
mal but practically difficult-to-execute trajectories, our approach priori-
tizes kinematic feasibility while maintaining planning efficiency, achiev-
ing more robust autonomous operations with reduced human interven-
tion requirements. The successful field validation demonstrates the tech-
nical maturity for engineering applications, establishing a foundation 
for deployment in automated parking systems, intelligent warehousing, 
and other logistics facilities where precise maneuvering control is criti-
cally required.

Fig. 12. Real-world robot path visualization and tracking error analysis. (a) 
Vehicle pickup scenario. (b) Vehicle drop-off scenario.

5. Conclusion

This paper proposes a geodesic-based path planning method on Rie-
mannian manifolds, tailored for the scheduling of robots in structured 
port environments. The approach integrates robot heading, steering ef-
fort, and obstacle accessibility into the construction of a Riemannian 
metric tensor that reflects the local path cost structure. By formulat-
ing the planning task as a geodesic shortest path problem and solv-
ing it efficiently via GHF, the resulting trajectories naturally adhere to 
kinematic constraints while maintaining strong obstacle avoidance ca-
pability. Simulation and real-world experiments conducted in represen-
tative port yard scenarios demonstrate the practicality and robustness 
of the proposed method under complex spatial constraints and obstacle 
configurations. Compared to baseline approaches, our method achieves 
near-100% path feasibility, while offering competitive path lengths and 
lower average curvatures. More importantly, it improves the minimum 
obstacle distance by over 25% relative to other algorithms. Further-
more, the average planning time across all scenarios is less than 4 sec-
onds, demonstrating a strong balance between computational efficiency 
and solution quality.

Future work will focus on extending the proposed method in sev-
eral directions. First, to improve adaptability to diverse obstacle shapes, 
constructing obstacle potential fields based on convex hull representa-
tions may help reduce the loss of feasible space. Second, incorporating 
more detailed kinematic models together with uncertainty modeling of 
the robot’s execution is expected to enhance the fidelity of trajectory 
feasibility and improve robustness during control execution. Finally, as 
the current approach is mainly designed for long-range global planning, 
extending the framework to local obstacle avoidance remains an impor-
tant direction. In particular, constructing local potential fields and em-
ploying forward iterations such as the Runge–Kutta method may further 
improve computational efficiency and enable real-time applicability to 
local planning scenarios.
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